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a b s t r a c t
In 2009, Ilić and Rakoc˘ević proved that quasi-contraction maps on normal cone metric
spaces have a unique fixed point (Ilić and Rakoc˘ević, 2009 [6]). Then, Kadelburg,
Radenović and Rakoc˘ević generalized their results by considering an additional assumption
(Kadelburg et al., 2009 [7]). Also, they proved that quasi-contraction maps on cone metric
spaces have the property (P) whenever λ ∈ (0, 12 ). Later, Haghi, Rezapour and Shahzad
proved same results without the additional assumption and for λ ∈ (0, 1) by providing
a new technical proof (Rezapour et al., 2010 [4]). In 2011, Wardowski published a paper
(Wardowski, 2011 [8]) and tried to test fixed point results for multifunctions on normal
conemetric spaces. Of course, he used a special view in his results. Recently, Amini-Harandi
proved a result on the existence of fixed points of set-valued quasi-contraction maps in
metric spaces by using the technique of Rezapour et al. (2010) [4]. But, like Kadelburg et al.
(2009) [7], he could prove it only for λ ∈ (0, 12 ) (Amini-Harandi (2011) [3]). In this work,
we prove again the main result of Amini-Harandi (2011) [3] by using a simple method.
Also, we introduce quasi-contraction type multifunctions and show that the main result of
Amini-Harandi (2011) [3] holds for quasi-contraction type multifunctions.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let (X, d) be a metric space. A set-valued mapping T : X → CB(X) is said to be a set-valued quasi-contraction whenever
there exists λ ∈ (0, 1) such that
H(Tx, Ty) ≤ λmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
for all x, y ∈ X . There have appeared some papers on fixed points of quasi-contractions [1,2]. Recently, Amini-Harandi
proved the following result [3] on the existence of fixed points of set-valued quasi-contractions in metric spaces by using
the technique of [4].
Theorem 1.1. Let (X, d) be a complete metric space and T : X → CB(X) a set-valued quasi-contraction for some λ ∈ (0, 12 ).
Then T has a fixed point.
He raised immediately the following question.
Question. Does the conclusion of Theorem 1.1 remain true for any λ ∈ [ 12 , 1)?
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A set-valued mapping T : X → CB(X) is said to be set-valued quasi-contraction type whenever there exists λ ∈ (0, 1) such
that
H(Tx, Ty) ≤ λmax{d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
for all x, y ∈ X . It is obvious that each quasi-contraction type multifunction is a quasi-contraction set-valued mapping.
Most familiar quasi-contraction type multifunctions are quasi-contraction multifunctions. Finding a quasi-contraction
multifunction which is not quasi-contraction type is an open problem. In this work, we prove again the main result of [3]
by using a simple method. Also, we give a positive answer to the question for quasi-contraction type multifunctions.
2. The main results
Now, we are ready to state and prove our main result. First by using a simple method, we prove again the main result
of [3].
Theorem 2.1. Let (X, d) be a complete metric space and T : X → CB(X) a set-valued quasi-contraction for some λ ∈ (0, 12 ).
Then T has a fixed point.
Proof. First, note that
H(Tx, Ty) ≤ (2λ)max

d(x, y), d(x, Tx), d(y, Ty),
d(x, Ty)
2
,
d(y, Tx)
2

for all x, y ∈ X . Choose q > 1 such that 2λq < 1, x0 ∈ X and x1 ∈ Tx0. If x1 = x0, then x0 is a fixed point of T . Let x1 ≠ x0.
Take x2 ∈ Tx1 such that
d(x2, x1) ≤ qH(Tx1, Tx0).
If x2 = x1, then x1 is a fixed point of T . Let x2 ≠ x1. If xn−1 has been chosen, then choose xn ∈ Txn−1 such that
d(xn, xn−1) ≤ qH(Txn−1, Txn−2) for all n ≥ 2. If xn = xn−1, then xn−1 is a fixed point of T . Thus, we suppose that xn ≠ xn−1
for all n ≥ 1. Hence, we have
d(xn, xn−1) ≤ (2λq)max

d(xn−1, xn−2), d(xn−1, Txn−1), d(xn−2, Txn−2),
d(xn−1, Txn−2)
2
,
d(xn−2, Txn−1)
2

≤ (2λq)max

d(xn−1, xn−2), d(xn−1, xn),
d(xn−2, xn)
2

for all n ≥ 2. On the other hand, we have
d(xn−2, xn)
2
≤ d(xn−2, xn−1)+ d(xn−1, xn)
2
≤ max{d(xn−2, xn−1), d(xn−1, xn)}.
But, note that we should have max{d(xn−2, xn−1), d(xn−1, xn)} = d(xn−2, xn−1) for all n ≥ 2. Therefore, d(xn−1, xn) ≤
(2λq)d(xn−2, xn−1) for all n ≥ 2. This implies that {xn}n≥1 is a Cauchy sequence. Since (X, d) is a complete metric space,
there exists x∗ ∈ X such that xn → x∗. Now, note that
d(x∗, Tx∗) = lim
n→∞ d(xn+1, Tx
∗) ≤ lim
n→∞H(Txn, Tx
∗)
≤ lim
n→∞(2λ)max

d(xn, x∗), d(xn, Txn), d(x∗, Tx∗),
d(xn, Tx∗)
2
,
d(x∗, Txn)
2

≤ lim
n→∞(2λ)max

d(xn, x∗), d(xn, xn+1), d(x∗, Tx∗),
d(xn, Tx∗)
2
,
d(x∗, xn+1)
2

= (2λ)d(x∗, Tx∗).
Hence, d(x∗, Tx∗) = 0 and so x∗ ∈ Tx∗. 
Now, we give a positive answer to the question for quasi-contraction type multifunctions.
Theorem 2.2. Let (X, d) be a complete metric space and T : X → CB(X) a quasi-contraction type multifunction. Then T has a
fixed point.
Proof. Choose q > 1 such that qλ < 1, x0 ∈ X and x1 ∈ Tx0. Take x2 ∈ Tx1 such that d(x2, x1) ≤ qd(x1, Tx1) ≤ qH(Tx1, Tx0).
If x1 = x0 or x2 = x1, then we have nothing to prove. If x0 ≠ x1 and x2 ≠ x1, then we have
d(x2, x1) ≤ qH(Tx1, Tx0)
≤ (qλ)max{d(x0, Tx0), d(x1, Tx1), d(x0, Tx1), d(x1, Tx0)}
≤ (qλ)max{d(x1, x0), d(x1, x2), d(x0, x2)} = (qλ)max{d(x1, x0), d(x0, x2)}. (1)
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Now, choose x3 ∈ Tx2 such that d(x2, x3) ≤ qd(x2, Tx2) ≤ qH(Tx1, Tx2). If x3 = x2, then we have nothing to prove. If x3 ≠ x2,
then we have
d(x3, x2) ≤ qH(Tx1, Tx2)
≤ (qλ)max{d(x1, Tx1), d(x2, Tx2), d(x1, Tx2), d(x2, Tx1)}
≤ (qλ)max{d(x1, x2), d(x2, x3), d(x1, Tx2)} = (qλ)max{d(x1, x2), d(x1, Tx2)}. (2)
But, note that
d(x1, Tx2) ≤ H(Tx0, Tx2)
≤ λmax{d(x0, Tx0), d(x2, Tx2), d(x0, Tx2), d(x2, Tx0)}
≤ (qλ)max{d(x0, x1), d(x2, x3), d(x0, x3), d(x2, x1)}. (3)
Now, (1)–(3) imply that d(x3, x2) ≤ (qλ)2d(x0, xm) for some natural number 1 ≤ m ≤ 3. Now, we claim that for each
natural number n ≥ 3 there exists an element xn ∈ Txn−1 such that d(xn−1, xn) ≤ (qλ)n−1d(x0, xm) for some 1 ≤ m ≤ n. Let
x1, x2, . . . , xn−1 be chosen. Take xn ∈ Txn−1 such that
d(xn−1, xn) ≤ qd(xn−1, Txn−1) ≤ qH(Txn−2, Txn−1).
If xn = xn−1, then we have nothing to prove. If xn ≠ xn−1, then we have
d(xn−1, xn) ≤ qH(Txn−2, Txn−1)
≤ (qλ)max{d(xn−2, Txn−2), d(xn−1, Txn−1), d(xn−2, Txn−1), d(xn−1, Txn−2)}
≤ (qλ)max{d(xn−2, xn−1), d(xn−1, xn), d(xn−2, Txn−1)}
= (qλ)max{d(xn−2, xn−1), d(xn−2, Txn−1)}. (4)
But, we have
d(xn−2, Txn−1) ≤ H(Txn−3, Txn−1)
≤ λmax{d(xn−3, Txn−3), d(xn−1, Txn−1), d(xn−1, Txn−3), d(xn−3, Txn−1)}
≤ (qλ)max{d(xn−3, xn−2), d(xn−1, xn), d(xn−1, xn−2), d(xn−3, Txn−1)}. (5)
Now, (4) and (5) imply that
d(xn−1, xn) ≤ max{(qλ)d(xn−2, xn−1), (qλ)2d(xn−3, xn−2), (qλ)2d(xn−3, Txn−1)}.
If d(xn−1, xn) ≤ (qλ)d(xn−2, xn−1) or d(xn−1, xn) ≤ (qλ)2d(xn−3, xn−2), then by using the assumption of our induction, we
get that our claim is proved. On the other hand, if d(xn−1, xn) ≤ (qλ)2d(xn−3, Txn−1), then
d(xn−3, Txn−1) ≤ H(Txn−4, Txn−1)
≤ λmax{d(xn−4, Txn−4), d(xn−1, Txn−1), d(xn−1, Txn−4), d(xn−4, Txn−1)}
≤ (qλ)max{d(xn−4, xn−3), d(xn−1, xn), d(xn−1, Txn−4), d(xn−4, Txn−1)}
and so in this case we get that
d(xn−1, xn) ≤ max{(qλ)3d(xn−4, xn−3), (qλ)3d(xn−1, Txn−4), (qλ)3d(xn−4, Txn−1)}.
As we stated above, it is sufficient to consider only the cases
d(xn−1, xn) ≤ (qλ)3d(xn−1, Txn−4)
and
d(xn−1, xn) ≤ (qλ)3d(xn−4, Txn−1).
Now, note that
d(xn−4, Txn−1) ≤ H(Txn−5, Txn−1)
≤ λmax{d(xn−5, Txn−5), d(xn−1, Txn−1), d(xn−1, Txn−5), d(xn−5, Txn−1)}
≤ (qλ)max{d(xn−5, xn−4), d(xn−1, xn), d(xn−1, xn−4), d(xn−5, Txn−1)}
and
d(xn−1, Txn−4) ≤ H(Txn−2, Txn−4)
≤ λmax{d(xn−2, Txn−2), d(xn−4, Txn−4), d(xn−2, Txn−4), d(xn−4, Txn−2)}
≤ (qλ)max{d(xn−3, xn−2), d(xn−4, xn−3), d(xn−4, Txn−2)}.
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By continuing this process, these relations lead us to d(x0, Txm) or d(xs, Tx0) for some 1 ≤ m ≤ n−1 and 1 ≤ s ≤ n−1, after
some steps. Note that it is sufficient to consider these cases because other cases prove that the claimholds. First, suppose that
weget the first case d(xn−1, xn) ≤ (qλ)n−1d(x0, Txm) for some1 ≤ m ≤ n−1. Then,weobtain d(xn−1, xn) ≤ (qλ)n−1d(x0, xm)
for some 1 ≤ m ≤ n. If we get that the second case d(xn−1, xn) ≤ (qλ)n−1d(xs, Tx0) holds for some 1 ≤ s ≤ n− 1, then
d(xn−1, xn) ≤ (qλ)n−1d(xs, Tx0) ≤ (qλ)n−1H(Txs−1, Tx0)
≤ (qλ)n max{d(xs−1, Txs−1), d(x0, Tx0), d(xs−1, Tx0), d(x0, Txs−1)}
≤ (qλ)n−1 max{d(xs−1, xs), d(x0, x1), d(xs−1, Tx0), d(x0, xs)}.
It is sufficient we suppose that d(xn−1, xn) ≤ (qλ)n−1d(xs−1, Tx0). By continuing this process, we get that d(xn−1, xn) ≤
(qλ)n−1d(x0, Tx0) ≤ (qλ)n−1d(x0, x1). Thus, our claim is proved, that is, for each natural number n ≥ 3 there exists an
element xn ∈ Txn−1 such that d(xn−1, xn) ≤ (qλ)n−1d(x0, xm) for some 1 ≤ m ≤ n.
Now, first put δ1 = d(x0, x1). If max{d(x0, x1), d(x0, x2)} = d(x0, x1), then we put δ2 = (1 + qλ)δ1. If
max{d(x0, x1), d(x0, x2)} = d(x0, x2), then we put δ2 = 11−qλδ1. Note that δ2 ≥ δ1 and δ2 ≥ d(x0, x2). Note that
d(x0, x3) ≤ d(x0, x2) + (qλ)2u, where u ∈ {d(x0, x1), d(x0, x2), d(x0, x3)}. If max{d(x0, x1), d(x0, x2), d(x0, x3)} = d(x0, x1)
or max{d(x0, x1), d(x0, x2), d(x0, x3)} = d(x0, x2), then put δ3 = (1 + (qλ)2)δ2. If max{d(x0, x1), d(x0, x2), d(x0, x3)} =
d(x0, x3), then we put δ3 = 11−(qλ)2 δ2. In this case, we have δ3 ≥ δ2 and δ3 ≥ d(x0, x3). Suppose that δn−1 has been chosen
such that δn−2 ≤ δn−1 and d(x0, xn−1) ≤ δn−1. On the other hand, we have
d(x0, xn) ≤ d(x0, xn−1)+ (qλ)n−1d(x0, xm)
for some 1 ≤ m ≤ n. If m < n, then put δn = (1 + (qλ)n−1)δn−1. If m = n, then put δn = 11−(qλ)n−1 δn−1. It is obvious that
δn ≥ δn−1 and δn ≥ d(x0, xn) for all n ≥ 2. Put um = mi=1(1 + (qλ)i) for all m ≥ 1. Since ln um = mi=1 ln(1 + (qλ)i) and
the series
∞
i=1 ln(1+ (qλ)i) converges, the sequence {um}m≥1 is bounded and increasing. Thus,
∞
i=1(1+ (qλ)i) converges.
Similarly, one can prove that
∞
i=1
1
1−(qλ)i converges. If we put δ =
∞
i=1(1+(qλ)i)∞
i=1(1−(qλ)i)
, then δ <∞ and δn ≤ δ for all n ≥ 2. Now,
we show that {xn}n≥1 is a Cauchy sequence. To see this, note that
d(xn, xm) ≤
n
i=m+1
d(xi, xi−1) ≤
n
i=m+1
(qλ)i−1δ
for all n > m. Thus, {xn}n≥1 is a Cauchy sequence because∞i=1(qλ)i−1 <∞. Since (X, d) is a complete metric space, there
exists x∗ ∈ X such that xn → x∗. Hence,
d(x∗, Tx∗) = lim
n→∞ d(xn+1, Tx
∗) ≤ lim
n→∞H(Txn, Tx
∗)
≤ lim
n→∞ λmax{d(xn, Txn), d(x
∗, Tx∗), d(xn, Tx∗), d(x∗, Txn)}
≤ lim
n→∞ λmax{d(xn, xn+1), d(x
∗, Tx∗), d(xn, Tx∗), d(x∗, xn+1)}
= λd(x∗, Tx∗).
Thus, d(x∗, Tx∗) = 0 and so x∗ ∈ Tx∗. 
Now by using the technique of [5], we obtain the following result.
Corollary 2.3. Let (X, d) be a metric space, T : X → CB(X) a set-valued mapping and f a self-map on X with T (X) ⊆ f (X).
Also, suppose that there exists λ ∈ (0, 1) such that
H(Tx, Ty) ≤ λmax{d(fx, Tx), d(fy, Ty), d(fx, Ty), d(fy, Tx)}
for all x, y ∈ X. If f (X) is complete, then f and T have a coincidence point.
Proof. Define g : f (X) → CB(f (X)) by g(f (x)) = T (x). Then, g is a quasi-contraction type multifunction. By using
Theorem 2.2, we have that there exists x0 ∈ X such that f (x0) ∈ g(f (x0)) = T (x0). Hence, f and T have a coincidence
point. 
References
[1] Lj. Ćirić, Fixed Point Theory: Contraction Mapping Principle, FME Press, Beograd, 2003.
[2] H.K. Pathak, N. Shahzad, Fixed point results for generalized quasicontractionmappings in abstractmetric spaces, Nonlinear Anal. 71 (2009) 6068–6076.
[3] A. Amini-Harandi, Fixed point theory for set-valued quasi-contraction maps in metric spaces, Appl. Math. Lett. 24 (2011) 1791–1794.
[4] Sh. Rezapour, R.H. Haghi, N. Shahzad, Some notes on fixed points of quasi-contraction maps, Appl. Math. Lett. 23 (2010) 498–502.
[5] R.H. Haghi, Sh. Rezapour, N. Shahzad, Some fixed point generalizations are not real generalizations, Nonlinear Anal. 74 (2011) 1799–1803.
[6] D. Ilić, V. Rakoc˘ević, Quasi-contraction on a cone metric space, Appl. Math. Lett. 22 (2009) 728–731.
[7] Z. Kadelburg, S. Radenović, V. Rakoc˘ević, Remarks on ‘‘quasi-contraction on a cone metric space’’, Appl. Math. Lett. 22 (2009) 1674–1679.
[8] D. Wardowski, On set-valued contractions of Nadler type in cone metric spaces, Appl. Math. Lett. 24 (2011) 275–278.
